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Let C be a binary linear code with covering radius R and let CO be a subcode 
of C with codimension i. We prove that the covering radius R, of C satisfies 
R, < 2R+ 2’- 1, by setting up a graph coloring problem involving Kneser 
graphs. 0 1990 Academic Press, Inc. 
1. THE NEW BOUND 
A recent paper by Brualdi and Pless [3] considers the relationship 
between the covering radius R of a binary linear code C and the covering 
radius R, of a subcode Co of C with codimension i. Brualdi and Pless 
obtained the bound 
R,<(i+l)R+i, (1) 
generalizing the bound R, 6 2R + 1 obtained by Adams [l] for i = 1. 
Brualdi and Pless also prove that given any E > 0, the bound 
R,<(i+&)R (2) 
holds for sufficiently large i. We obtain a different bound by treating the 
problem of bounding R, as a graph coloring problem. 
Given integers k and N, with N> k we define a graph Y(N, k). The 
vertices of B(N, k) are the subsets S of an N-set satisfying ISI > k, and two 
subsets S1, S, are joined if the symmetric difference S, A& satisfies 
ISI A&I > 2k. For N < 2k + 1, the graph B(n, k) is disconnected, and its 
chromatic number y(N, k) is 1. 
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We observe that several (general) Kneser graphs appear as subgraphs of 
%(N, k). The vertices of the Kneser graph K(N, Z, t) are the Z-element 
subsets of an N-set, and two I-sets A,, A, are joined if IA, n A,1 < t. The 
Kneser graphs K(N, 1, t) with N > I> t, 2(1- k) 2 t, all appear as subgraphs 
of 9(N, k). The problem of determining the chromatic number y(N, I, t) of 
the Kneser graph K(N, Z, t) has been considered by several authors 
[2,4-61. Kneser [S] conjectured that 
y(N, 1, l)=N-21+2. 
This was proved by Lovasz [6] and Barany [2]. 
(3) 
THEOREM. Let C be a binary linear code with covering radius R and let 
CO be a subcode of C with codimension i. Then the covering radius R, of C, 
satisfies 
R, Q max {N: y(N, R) < 2’- 1 }, 
N 
(4) 
where y(N, R) is the chromatic number of ‘3(N, R). 
Proof Since y(N, R) = 1 for N< 2R + 1, we may assume that 
R,>2R+2. 
Let H be a parity check matrix for C and let H, be a parity check matrix 
for Co obtained from H by appending a submatrix H, with i rows. Let 
wt(a) = R,, and let aH,T be a syndrome of C, that cannot be expressed as 
a sum of fewer than R, columns of HO. The support supp(a) of the vector 
a is an R,-set. If supp(b) E supp(a), and if wt(b) > R + 1 then there exists 
b’ with wt(b’) < R< wt(b), such that b’HT= bHT. We assign the color 
f(b) = bHr+ b’H:E ff i to the subset supp(b). We claim that if the subsets 
supp(b,), supp(b,) are joined in Y(R,, R) then the colorsf(b,),f(b,) are 
linearly independent. 
First we prove that f(b) is never zero. For if f(b) = 0, then (a + 
b + b’) HT= aHl, and wt(a + b + 6’) < wt(a), contradicting the assumption 
that the syndrome aHT cannot be expressed as a sum of fewer than R, 
columns of H,. 
Next suppose that f(b,) =f(b2), and that b, #b,. If c=a+ 6, + 6, + 
6; + b;, then aHT= cHT. Now 
wt(c) < wt(a) - wt(b, + b2) + wt(b;) + wt(b;) 
< wt(a) - wt(b, + b2) + 2R. 
Since the syndrome aH,T cannot be written as a sum of fewer than R, 
columns of HO, it follows that wt(b, + b2) d2R, which means that 
supp(b,), supp(b,) are not joined in ‘S(R,, R). Therefore f is a coloring of 
Q(R,, R) with no more than 2’- 1 colors, and the theorem follows. 1 
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COROLLARY. R, < 2R + 2’ - 1. 
Proof The Kneser graph K(R,, R + 1, 1) is a subgraph of Y( R,, R) 
with chromatic number y(R,, R + 1, 1) = R, - 2R. 1 
The above bound does not always improve on the bound 
R, < (i + 1) R + i, obtained by Brualdi and Pless. A better estimate for the 
chromatic number of 9(R,, R) would reduce the size of the exponential 
term 2’- 1. 
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